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Abstract: KT-geometry is the geometry of a Hermitian connection whose torsion 
is a 3-form. HKT-geometry is the geometry of a hyper- Hermitian connection whose 
torsion is a 3-form. We identify non-trivial conditions for a reduction theory for these 
types of geometry. 



1 Introduction 

Symplectic reduction is a novel method of constructing symplectic manifolds from 
others that admit a group action of symplectic diffeomorphisms. To describe the 
main result, let G be a compact group of symplectic diffeomorphisms acting on the 
symplectic manifold (M, u) and g be the Lie algebra of G. It can be shown that 
under certain conditions 

= u'^lO/G is also a symplectic manifold, where C ^ d* ^.nd z/ : M — g* is 
the moment map. The manifold N is also denoted with M//G. It is remarkable that 
symplectic reduction can be generalized in various ways. First, it can be shown that if 
M is a Kahler manifold admitting a G- action of holomorphic isometrics, then M//G 
is also a Kahler manifold. Furthermore, it can be shown that if M is a hyper-Kahler 
manifold admitting an G-action of tri-holomorphic isometrics, then M//G = z^~^(C) is 
also hyper-Kahler where z/ = (z/i, 1^2, 1^3) : M ^ (g) g* and C = (Ci, C2, Cs) e ® g* 
T0| . In the context of hyper-Kahler reduction there are three moment maps each 



associated to the three complex structures. One common feature of all symplectic. 
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Kahler and hyper-Kahler reductions is that moment maps exist because the G-action 
preserves some symplectic form. 

More generally it has been shown that if M is a hypercomplex manifold admitting 
a tri-holomorphic group action, then M//G is also hypercomplex [|1^. The details 
of this construction will be summarized in Section |2.2| . Here it is worth mentioning 
that in the context of hypercomplex reductions, moment maps do not arise naturally 
because in the generic case there are no symplectic forms which are preserved by the 
group action. Instead it is assumed that one can find such functions on M which 
have the required properties. 

In the next section, we assume the existence of a G-moment map on M and study 
the geometry on the reduced space A^. The aim is to prove that the reduction of a 
KT-space is a KT-space and the reduction of a HKT-space is again a HKT-space. 
The definition and twistor construction of HKT spaces have been given in |Q. The 
properties of KT and HKT manifolds have been widely investigated in the literature 
1^, 1^, The result on KT-space in Section 2 is not surprising because a Hermitian 
structure can easily be found on a reduced space and every Hermitian structure has 
a unique KT-connection. The existence of HKT-connection on the reduction of a 
HKT-space is less trivial. Examples of HKT-reduction in this regard are given at the 
end of this paper. 

In the third section, we identify non-trivial and sufficient topological or cohomo- 
logical constraints on either the manifold M or the group G to ensure the existence of 
a G-moment map on strong KT-manifolds and strong HKT-manifolds. In the absence 
of symplectic forms, this is a non-trivial result as one usually generates moment map 
through the Kahler form. In the fourth section, we discuss when a potential function 
on a HKT-space may descend to a potential function on the reduced HKT-space. 



2 Existence of HKT-Structures on Reduced Spaces 

Assuming the existence of "moment maps" , we examine the geometry on the reduced 
space in the next two sections. 



2.1 KT Reduction 

Before we explain HKT reduction, it is instructive to consider first the reduction 
of KT manifolds, i.e. Hermitian manifolds equipped with the hermitian connection 
whose torsion is a three-from. 

Let M be a KT manifold and let G be a compact group of complex isometries 
on M. Denote the algebra of holomorphic vector fields by g. Next introduce a G- 
equivariant map v : M — > g satisfying the transversality condition, ie Idv{X) ^ 
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for all X E Q. We remark that a map v is equivariant if ^{g • x) — Adg*{i'{x)). 

Definition 1 A map v is called G -moment map if and only if (i) it is equivariant 
and (a) it satisfies the transversality condition. 

We remark that for simply connected Kahler manifolds the moment map can be 
constructed using the invariance of Kahler form and complex structure and it satisfies 
the transversality property. However additional conditions are required in order the 
moment map to be equivariant. 

Next given a point C ^ 0) denote the level set v~^{C,) by P. Since the map f is 
G-equi variant, level sets are invariant if the group G is Abelian or if the point q is 
invariant. Assuming that the level set P is invariant, and the action of G on P is 
free, then the quotient space N = P/G is a. smooth manifold. Let tt : P — > be the 
quotient map. 

It can be shown that in fact N — P/G is a, complex manifold. This construction 
can be done as follows. For each point m in the space P, its tangent space is 

T^P = {t e T^M : du{t) = 0}. 

Consider the vector subspace 

Um = {te TmP : Idvit) = 0}. 

Due to the transversality condition, this space is transversal to the vectors generated 
by elements in g. In addition, this space is a vector subspace of T^P with co-dimension 
dim g, and hence it is a vector subspace of T^M with co-dimension 2 dim q. The same 
condition implies that, as a subbundle of TM\p, U is closed under I. Moreover there 
is a G-invariant splitting 

TP^UOV (1) 

where V is the tangent space to the orbits of G and it is the bundle of kernels of dn. 
We use the terms "horizontal" and "vertical" for U and V. 

As the projection tt is an isomorphism on U, for any tangent vector A at 7r(m), 
there exists a unique element A^ in Km such that dn{A'^) ~ A. We call A^ horizontal 
hft of A. The complex structure on A^ is defined by 

/i = d7r(M"), i.e. (/i)" = M". (2) 

Theorem 1 Let {M,I,g) be a KT-manifold. Suppose that G is a compact group of 
complex isometrics admitting a G-moment map v. Then the complex reduced space 
N — M/l G inherits a KT structure. 
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Proof: To show this, it suffices to find a complex structure / and a hermitian metric 
g on N which are induced from M because for every Hermitian structure (J, g), there 
always exists a unique KT structure on iV 0. 

To begin, since U is G-invariant, if X" is tangent to P at m and is contained in U, 
then for any element f & G, dLf[X^) is tangent to P at f{m) and is contained in U. 
Using vr o = vr, if X" is a horizontal lift of X to a point m, then dn o dLj^X"^) = 
c/7r(X") = X. Therefore, dLf^X"") is the horizontal lift of X to /(m). 

Since G is also a group of isometrics, g{dLf{X), dLf(Y)) = g{X, Y) for any vectors 
X and Y tangent to P. Define a metric on X by 

^.(,)(X,F)=^7p(X",n (3) 

where X" and are the horizontal lifts of X and F respectively. From the analysis 
above, the metric g is independent from the choice of the reference point p of the orbit. 
Note that the "horizontal" and "vertical" spaces ARE NOT necessarily orthogonal. 
To prove that g is Hermitian, we note that 

(7.(,)(/X,/F) = ^?,((/X)",(/F)«) = ^7,(/(X"),/(Fr) 

= ^?,(X",F") = (7.(,)(X,F). (4) 

q. e. d. 



2.2 HKT Reduction 



We shall begin with a description of hypercomplex reduction developed by Joyce [|TT 
Let G be a compact group of hypercomplex automorphism on M. Denote the algebra 
of hyper-holomorphic vector fields by g. Suppose that u = (z/i, z/2, z/3) : M — > R'^ CSg 
is a G-equivariant map satisfying the following two conditions. The Cauchy-Riemann 
condition: Iidui = l2di>2 = Isdu^, and the transversality condition: IadVa{X) 7^ for 
all X G 0. In analogy with a similar definition given in the previous section, any map 
satisfying these conditions is called a G-moment map. Given a point C, = (Ci, C2; Cs) 

® Q, denote the level set z^~^(C) by P. Assuming that the level set P is invariant, 
and the action of G on P is free, then the quotient space X = P/G is a smooth 
manifold. 

Joyce proved that the quotient space N = P/G inherits a natural hypercomplex 
structure |TT[. His construction runs as follows. For each point m in the space P, its 



tangent space is 

TmP = {te TmM : duiit) = du2{t) = dusit) = 0}. 
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Consider the vector subspace 

Um = {te TmP : hdvi{t) = I2dv2{t) = I-sdusit) = 0}. (5) 

Due to the transversahty condition, this space is transversal to the vectors generated 
by elements in q. Due to the Cauchy-Riemann condition, this space is a vector sub- 
space of TmP with co-dimension dimg, and hence it is a vector subspace of TmM 
with co-dimension 4dimg. 

The same condition imphes that, as a subbundle of TM\p, lA is closed under /„. 
Moreover there is a G-invariant splitting 

TP = U®V (6) 

where V is the tangent space to the orbits of G and it is the bundle of kernels of dir. 
Again, we use the terms "horizontal" and "vertical" for U and V although these two 
spaces are not necessarily orthogonal. Following techniques and notations of the last 
section, a hypercomplex structure on is defined by 

4i = rf7r(4A"), i.e. {hAY = hA^. (7) 



Theorem 2 Let {M,X,g) be a HKT-manifold. Suppose that G is a compact group of 
hypercomplex isometrics admitting a G-moment map v. Then hypercomplex reduced 
space N = M//G inherits a HKT structure. 

Proof: Define hypercomplex structures la on N = P/G as in (J^). As in the previous 
section, define a metric ^ on A^ by 

(7p(X«,n=^.(p)(X,f) (8) 

where X" and Y"^ are the horizontal lifts of X and Y respectively. This is a hyper- 
Hermitian metric. 

On M, define Fa{X,Y) = g{IaX,Y) and 

u, = F2- iF^. (9) 

This is a (0,2)-form with respect to /i. Since the hyper- Hermitian structure on X 
admits a HKT-metric, dui = 0. Equivalently, the (0, 3)-part of dcui vanishes. 

Similarly, we define il^i on A^. By Proposition 2], the hyper- Hermitian metric 
5f is a HKT-metric if and only if dui = 0. In other words, we need to prove that the 
type (0, 3)-part of dui with respect to Ii vanishes. This is equivalent to 

7r*rf(:;i(X",y",Z") = (10) 
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for any vectors X", F", in As 

7r*cji(r", z") = z") (11) 

and we have the following computation: 

rf7r*c:;i(X",y",Z") 
= X"(7r*c:;i(r", Z")) - r"(7r*cI;i(Z", X")) + Z"(7r*cJi(X", F")) 

-7r*c2;i ( [X", F"] , Z") - 7r*t:;i ( [F", Z"] , X") - 7r*c2;i ( [Z", X"] , F ") 
= X"(c<;i(F",Z")) -F"(cJi(Z",X")) + Z"(cJi(X",F")) 

-cui([x",r"]",z") -cji([r",z"]",x") -cji([z",x"]",r") 
= dcji(x",y",z") 

= cul([x",r"]^z") + cJl([r",z"]^x") + cJl([z",x"]^F"). 

To complete the proof of this theorem we claim that [X", Y"^]"" = 0. Equivalently, 
(iaZ/a([X", F"]) = for a = 1,2,3. Since X" and are in the kernel of da^a for 
a = 1, 2, 3, 

rf4^^a(x«,r") = x^idaU^iY"^)) - y;Kz/a(x")) - rf,z/,([x«,F"]) = -4z/a([x«,n). 

As (ic/iz/i is of type- (1,1) with respect to Ji and X" and y" are type- (0,1) with respect 
to Ji, (i(iiZ/i(X", y") = 0. By the Cauchy-Riemann condition diUi = d2i'2 = d^u^, our 
claim follows, q. e. d. 



3 Moment Maps for Strong KT and HKT-Spaces 

As we have seen, the construction of new HKT manifolds using HKT reduction re- 
quires the existence of a G-moment map satisfying the requirements of Theorem 
^. This moment map is not specified within the theory, as it is the case for the 
hyper-Kahler reduction, but rather its existence is an additional assumption of the 
construction. However as we shall see in the special case of reduction for strong KT ( 
and HKT) manifolds, under certain assumptions, there is such a moment map which 
arises naturally. The local construction of a moment map for KT and HKT geome- 
tries presented below parallels the construction of an action for two-dimensional (2,0)- 
and (4,0)-supersymmetric gauged sigma models with Wess-Zumino term in [Q, re- 
spectively. Again, we focus on a reduction theory for strong KT-structure first. The 
reduction theory for strong HKT-structures follow. 
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3.1 Local Consideration 

Let G a compact group of complex automorphisms on a strong KT manifold M. In 
particular G is a group of isometrics on M which leaves in addition the torsion three- 
form H invariant. To continue we introduce a basis {ca; a = 1, . . . , dimg} in the Lie 
algebra of g and denote the associated vector fields of M with {X"; a = 1, . . . , dimg}; 
denote with {e";a = l,...,dim0*} the associated basis in the dual q* of q. The 
conditions for invariance of the KT structure can now be written as 

£„5 = 0, C.H^Q, CJ^O (12) 

where = >Cx" ; similarly later for the inner derivation we have ia — ix« ■ 

Using the assumption that M is a strong KT manifold, dH = 0, the last equation 
above implies that diaH — and so there is a locally defined one-form Ua such that 

iaH = dua . 

Clearly Ua is uniquely defined up to the addition of a closed one-form. 

Next let us denote with X the one-form dual with the vector field X with respect to 
the KT metric. Using CJ = 0, one can show that the two-form d{Xa+Ua) is type-(l,l) 
with respect to the complex structure /. Therefore, by the 9-Poincare Lemma, there 
is a locally defined complex- valued function ha on M such that {Xa -\- iia)^'° — dha- 
Let fa be the real part of ha- Define 

Wa^ Xa + Ua- dfa- (13) 

Then w]^^ = idva where Va is a constant multiple of the imaginary part of ha- There- 
fore, we can write 

Wa = IdUa . (14) 

Let ^ = (^"Ca be any element in q. Define a map from M to q* by 

o 

A necessary condition for u to be well-defined on M is that the class of iaH in 
H^{M, R) should be trivial. If in addition M satisfies the 59-lemma, then u will be 
well-defined on M. 

In the case when the group G is Abelian, the issue of equivariance is absent 
and hence the map u so constructed is the moment map. Before we investigate 
equivariance in general, we consider the issue of non-degeneracy. 

Definition 2 A holomorphic Killing vector field X is non- degenerate if dvx 7^ 0. 
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Therefore, a holomorphic Killing vector field is non-degenerate if its moment map is 
non-constant. The following proposition is useful to determine when a holomorphic 
Killing vector field is non- degenerate. 

Proposition 1 // the length of a holomorphic Killing vector field is non-constant, 
the vector field is non-degenerate. 

Proof: Note that dux = if and only if dX -\- du — 0. i.e. dX -\- lxH — 0. It means 
that for any vector field Y and Z, 

Yig{X,Z))-Z{g{X,Y))-g{X,[Y,Z]) + H{X,Y,Z) = 
i.e. giVyX, Z) + g{X, VyZ) - g{VzX, Y) 

-g{X,VzY)-g{X,[Y,Z]) + H{{X,Y,Z) = 

or g{VYX,Z)-g{\/zX,Y) + 2H{X,Y,Z) = 0. 

On the other hand, since Cxg = and Vg = 0, 

= X{g{Y,Z))-g{[X,Y],Z)-g{Y,[X,Z]) 

= giVxY, Z) + g{Y, WxZ) - g{[X, Y],Z)- g{Y, [X, Z\) 
= 5(VyX, Z) + giXX, Y],Z) + H{X, Y, Z) + g{Y, VzX) 

+g{Y, [X, Z]) + H{Y, X, Z) - g{[X, Y],Z)- g{Y, [X, Z]) 
= g{VYX,Z)+g{Y,VzX). 

Combining the above two identities, we find that for any vector fields Y, Z, 

g{VyX, Z) = -H{X, Y, Z) = -dux{Y, Z). (16) 

In particular, gCVyX, X) — for any Y. Since Vg — 0. It imphes that dg{X, X) — 0. 
q. e. d. 



3.2 Equivariance 

Now we seek conditions for u to be equivariant. This issue will be analyzed in the 
next few paragraphs. The map u is equivariant if and only if ui^g ■ x) = Adg*{i'{x)). 
Let X be any element in q. The equivariance is determined by 

u{g-x){X) = u{x){Adg{X)). (17) 

The infinitesimal version of the above identity is 

LyVx = ^[v,x]) equivalently CyVx — ^[y,x] = 0. (18) 
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Let [Xfe,Xa] = fl^a^c be the structural equations for the algebra g so that f^^ are 
constants. Apply the above formula to Wa and Ua respectively with respect to Xf,, 
the equivariance conditions for Wa and Ua are 

^bWa - fbaWc = 0, CbUa - fba^c = 0. (19) 

These are non-trivial conditions. Note that 

dCbUa = CbdUa = CbiaH = I^C^XaH + LaCbH = ic^XaH 

= /,Vci/ = /£.rf«c = rf(/,>c). (20) 

By Poincare lemma, there exists a locally defined closed 1-form Vba such that 

- fbaUc = Vba- (21) 

Therefore, Vba is the obstruction for Ua to be equivariant. 
Next, note that Cag = 0, 

{CbXa)X = Cb{g{X,,X))-g{Xa,CbX) 

= giCbXa, X) + giXa, C-bX) - g{X,, £,X) = n^g{X,, X) 

= fba^cX. 

Therefore, the g*-valued 1-form w := Wai]"' is equivariant if and only if u := Uai]°' is 
equivariant. 

Assuming that u is equivariant. This implies that after a possible shift of Ua with 
respect to a closed one-form, Ua must satisfy the above equation. Note that even 
if Ua is equivariant, it is not unique but rather defined up to an equivariant closed 
one-form. 

Next since dwa is an (l,l)-form and if we assume that the dd-lemma applies on 
the manifold M (see either 0, 5.11] or |T|, Corollary 2.110]), there is a function Ua on 
M such that 

dWa = dd^Va = dldua- (22) 

Therefore, the 1-form 

Za = Wa- IdUa 

is closed. In the above equation Ua is not uniquely defined but rather it is defined up 
the addition of the real part of a holomorphic function. 

As we have assumed that Ua is equivariant, Wa is equivariant. We obtain 

IdUba + Zba = (23) 
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where u^a = C^Va - ha^c and z^a = C^Za - fbaZc- Since dz^a = 0, implies that 
ddFfba = 0. By 59-Lemma again, vi,a is a harmonic function and hence is the real 
part of a holomorphic function If, in addition, 

fba = C,bFa — fbo^Fc (24) 

for some holomorphic functions F^, then redefining Va as z/^— ReF^ and Za as Za—dlmFa 
both Va and Za become equivariant. So there is a choice of such that = Idva- 
Therefore, we have found an equivariant moment map v : M ^ q* . 

3.3 Cohomology 

The various conditions that we have found for the existence of a moment map in the 
previous section can be identified as classes in de-Rham H*^^ and in cohomology, 
where 6 will be defined shortly. Let 5g be the map defining Lie algebra cohomology 
in the usual way p. In particular, for 6* G g* and CiV ^ Qi 

M(C,r/) = -^([C,^]). (25) 

Therefore, (note the convention for wedge product) in terms of structural constants 
with respect to the dual basis 6°", 



5ae^ = -J2fbcO'^o'' = -J2fbcio'(S)9''-e'^e'') 

b,c b<c 
b<c b,c 

In particular, Sq = 0. Next for in A^(M) and X in g, define 

6<P{X) := Cx<p. (27) 
Equivalently, S(f) = Ca(f) ■ 0°". Then we extend this operator to 

5 : k\M) ® A'^g* ® g* h-\M) ® A'^+^g* ® g* (28) 
as follows. If is in A^(M), 6 is in A'^g* and t] is in g*, then define 

5{(t)-e®r]):=5(t)Ae®7] + (t)-5Ge®r] + (-i)V ■ e a 5gV- (29) 

This map generates a resolution. 

K\M) ®g* ^ A^(M) ® Aig*®g* ^A^(M) ® AV®0* ^ A^(M) ® A^'+^g* ®g* • • • . 
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We claim that this resolution is a complex, i.e. 5k o = 5^ = 0. To check, notice 
that 



6{6(t) A 6*) (g) + A 6 A dcV + ^<l> /\ ^gO ® V + ■ ^g^P ® V 

+(-l)^'+V ■ M A + (-1)^'<50 A ^ A (Jg^/ + (-l)V ■ SgO a 6gV 
+{-lf''<p.eA6'aV 

6{6(t) A9) ®r] + 6(f) A6g0 ^7] = (6{6(f) A 6*) + 50 A 6g0^ 



6{6(f)) Ae-6(f)A6G0 + 6(j)A daOj ®r] = {6{Ca(pe'')) AO^t] 
{CbCa(p ■ A r + C,(P ■ 6g9') A9(g)r]= (^CtCa^ - ^fL'CcC^^ ■ 9' A 9'' A 9 (8) v- 



Since Ca](j) = f^a^c(p and f^^ = -f^^, 

C,C,<t> - \n,C,<t> = CM + \fLC,^ = CaU'^ - \fM. (30) 

It shows that the term L\jLa(^— ^fl^^Cc4> is symmetric in the indices ab while the term 
9^ A 9°' is skew symmetric in ab. It follows that 6{Ca4>^"') = and hence 5^ = as 
claimed. 

One can now define a cohomology theory with respect to S in the usual way and 
denote it with 

H^{A'{M)®Q*):= . . (31) 

image dk-i 

Since 6 commutes with d, one can also naturally define the cohomology groups 
H^{C\M) (g) g*), where C\M) are the close Morms on M. 

A cohomology theory based on a resolution of O ® g*, where O is the sheaf of 
germs of holomorphic functions on M, is similarly defined. This is possible because 
the group G consists of holomorphic actions. In particular, d o Ca = Ca o d. This 
cohomology is 

image d : O ® A" '-g* Q* 

Returning now in the discussion of the previous section, we have seen a necessary 
condition for the existence of a moment map in the KT case is that iaH is a trivial 
class in H^j^{M). Now we write iaH = dua and define u = Ua't]"'- This is a section of 
A\M)^Q*. Using (HD, 

Su = {6ua)®v'' + J2''-^GV' = ^bUa9'^v^-Y,f>c9'®V'' (33) 

c a,b,c 
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= Y.i^bUa-Y.fLuAe'^v"- (34) 

a,b \ c / 

Due to pop, the 1-form part is closed. Therefore 6u is an element of C^{M) ® 
A^g*®0. Obviously, it is in the kernel of 6. It defines a class in Hg{C^{M)^g*). Since 
u is not necessarily a closed 1-form, this class is not necessarily trivial although it is 
represented by 6u. Due to computation of previous paragraphs, this cohomology class 
is the obstruction for adjusting m by a closed 1-from so that it could be equivariant. 

If this class vanishes, then as we have explained 5{waf]°') = as well. Using this 
and assuming that Va is well-defined i\iw = Idu + z, where u = VaV"' and z = Zai]°', we 
have IdSu + 6z = 0. As we have explained in the previous section the obstruction for 
both z and u to be equivariant are 6z and Su respectively. The last identity implies 
that it suffices to find the condition for = 0. 

Due to identity (^2]), 6w = and £a/ = 0, we have dld5u = 0. Therefore, by 
99-Lemma, there exists holomorphic function f^a such that Uba = ^^fba- Define 

/:=^a^'®r7^ (35) 

This is an element in O ^ A^q* ^ q*. The function part of 6f is holomorphic as the 
group G consists of holomorphic actions. 

However, the real part of 6f is equal to Su = 0. Therefore, 5f is purely imaginary. 
This is possible only if Sf = 0. It follows that / defines a class in H^O ® 0*). Note 
that the class of / vanishes if and only if the equation / = 6F has a solution. In 



other words, there are solutions for the equation (^4]). 



Some of the conditions that we have derived above can be cast into an elegant 



form using equivariant cohomology [TH] . In physics, it is known that the obstructions 



for gauging bosonic two-dimensional sigma models with Wess-Zumino term [|1^, |17 



are elements of equivariant cohomology |jT8[. The theorem below provides sufficient 
conditions for KT reduction. 



Theorem 3 Let M be a strong KT manifold and G be a compact group acting on 
M and leaving invariant the KT structure. If the torsion three-form H admits an 
equivariant extension as a closed form in EG Xq M, Hg{0 ® 0*) = and the dd- 
lemma applies on M, then M//G is a KT manifold. 

Proof: Note that EG is the universal classifying bundle space for the group G. It 
can be shown that a closed three-form H in M admits an equivariant extension in 
EGxqM, if H is invariant under the group action of G on M and there are equivariant 
one-forms {ua, a = 1, . . . , dimg} on M such that 

iaH = dua and iaU^ + ibUa = . (36) 
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Of course the one-form Ua is defined up to the addition of an equivariant closed one- 
form Va- Because of this, the one-form Wa = Ua + Xa is equivariant and dwa is an (1,1) 
form on M. If the 99-lemma apphes, then Wa = Idva + Za-, where Va is a function on 
M and Za is closed one-form. It can be shown that in fact Za is equivariant. Indeed, 
since Wa is equivariant and the G-action preserves the complex structure, we have 

IdVba + 26a = (37) 

where Vba = i^b^a — fba^^c and z^a = C-hZa — fba^Zc- We have seen that the obstruction 
for Za and z/^ to be equivariant lies in H}{0 ® g*). Since this vanishes Za and Ua are 
equivariant. So there is a choice of Ua, such that Wa = Idv^. 

It remains to prove the transversality condition. This follows from the last condi- 
tion in (|36|) because it implies that iaUb is skew-symmetric and so iaWh is the sum of 
a non-degenerate symmetric matrix with iaUb- Therefore z/ is a G- moment map and 
so M//G is a KT manifold, q. e. d. 



3.4 Moment Maps on Strong HKT Structures 

The construction of G-moment maps for the reduction of strong HKT manifolds can 
proceed as in the case of strong KT manifolds above. The only difference is that for 
each complex structure {7^; r = 1, 2, 3} one gets 

Wa = Ird{v')a + < (38) 

where are again equivariant closed one-forms provided that the obstructions in 
Hl{0 ® g) vanish. In this case however it is not always possible to redefine Ua 
such that Wa = Ird{i'^)a unless z^ = z^ = z^. Nevertheless, we can still use the map 
z/ : M — i> R^(8>g as defined in (^) as a moment map. This moment map is equivariant 
but neither transversality nor the Cauchy-Riemann conditions generically hold. Thus 
we have the following theorem: 

Theorem 4 Let M he a strong HKT manifold and G he a compact group acting on 
M and leaving invariant the HKT structure. If the torsion three-form H admits an 
extension as a closed form in EG Xq M such that Wa = Ird{v'^)a with v equivariant, 
then M//G is a HKT manifold. 

Proof: The proof follows from that of reductions of strong KT manifolds and that of 
reductions of weak HKT manifolds, q. e. d. 



13 



4 Potential Functions 



Recall that if {M,2, g) is a HKT manifold with Kahler forms Ua, a HKT potential is 
a function p such that 2uJi = ddip + d2d^p, '2.UJ2 = dd2P + d^dip, 2uj3 = dd^p + did2P- 



In this section, we follow the methods in [12| to find a potential function on reduced 



space. We continue to use the notations established in Section \2.2\ 

Theorem 5 Let {M,2,g) be a HKT manifold with HKT potential function p. Sup- 
pose that G is a compact group of hypercomplex isometrics leaving p invariant with 
moment map v = {ui, U2, us) such that the tangent vectors to the orbits of G in ^^^"'^(0) 
are in the ker^dap), for a = 1,2,3. Then the function p induces a HKT potential 
function on the reduced space N = M//G. 

Proof: Let P := u^^{0) and i : P ^ M he the inclusion map. Now we first check 
that i*ddap\u = ddai* p\u where U is defined in (|^). To this end notice that 

and i*Iadp{X'^) = Iadp{di{X'')) = -dp{IaX'') because Iadp{X) = -dp{IaX). By 
direct computations after restricting on points of P we have: 

{t*dd^p){X\Y-) = dt*d,p{X'^,Y^) 

= X-{{t*Iadp){Y-)) -Y^{{l*Iadp){X^)) ~t*Iadp{[X\Y-]) 

= -x^idpihY-)) + r"(rfp(u)) + rfp(/jx", n) 
= -X"(rfp(4F")) + F"(f/p(4X")) + f/p(4[X", 

The last equality is due to dp(/a[X", y"]^) = -rfap([X", y"]^) = 0. This is true 
because [X", Y^Y is tangent to an orbit of G and the condition in the theorem. We 
shall use the same argument repeatedly and implicitly in subsequent computation. 
As the map p is G-invariant, for x in P, we may define 

Piv(7r(x)) := p{x) (39) 

where vr is the quotient map from P onto N = P/G. In other words, 7r*pAr = p. It 
follows that 

(7r*rf4p,v)(X",r") = rf7r*4p^(X",F") 
= X"(4p^(rf7r(F"))) - Y-{daPN{d7r{X^)) - d,pr,{d7r{[X\ 
= -X^idpNiUnY^)) + r"(rfp^(4d7rX")) + dp^(4rf7r[X", F"])) 
= -X^(rfp(4F")) + Y^{dp{IaX^)) + dpN{d7TmX\ YT)) 

= -x^{dp{hY^)) + F«(rfp(4X«)) + rfp(/Jx^ y"]"). 



14 



It follows that i*ddaP\u = '^*ddaPN\u- Similarly, 

{t*dM{X'\Y^) = {UIJp){di{X^),di{Y^)) 
= {ladljp) (X^ F") = dlJpihX^, hY^) 

= IaX^{d,p{IaY^)) - 4F"(4p(/aX«)) - 4p([/aX«, J.F"]) 
= IaX^{d,p{IaY^)) - IaY^{d,p{IaX^)) - d,p{[IaX\ 4^")- 

On the other hand, 

(7^*44piv)(X^F") = {IadIJpN){dTl{X''),dTl{Y'')) 
= {dIJpM){Iadn{X'^), ladniY^)) = {dIJpN){d7Tl,{X-), dT^hiY^)) 

= {7r*dIJpN){IaX\ laY^) = {dlT* IJpN){IaX\ J.F") 

= IaX^{7r*IJpN{LY^) - IaY^{iT*IJpN{I,X^)) - 7r*/,dp;v ( [4^", 

= laX'^i-dpNidTriUaY^)) - laY^i-dpNidniUaX^)) - dpNid7Th[IaX\ ^Y^]) 

= hX^iUpihY-)) - hY^hdpihX^)) + rfp(rf7r4[4X", hY^Y) 

= hX{d,p{hY^)) - 4r"(4p(/aX")) - 4p([/aX«, hY^f) 

Therefore, i*dbdcP\u = '^*dbdcPN\u even permutation {abc) of (123). At the end 

we use the fact that the reduced Kahler forms uJa are characterized by the condition 
{11*00 a)\u = {.'i'*^a)\u and conclude that 2uja = ddaPN + d^d^pN Q- e. d. 

Remark: In the case of when the torsion vanishes the condition in the above theorem 
is equivalent to the one proposed by Kobak and Swann ||12[|. In both cases the crucial 
point is to ensure i*Iadp = Iai*dp. In both cases dp{X'") = since p is invariant. 



5 Examples 

It is known that SU (3) admits invariant hypercomplex structure, constructed by 



Joyce. Moreover Pedersen and Poon |]I9| considered the deformation of this structure 
and succeeded to represent any " small" deformation as a hypercomplex reduced space 
of the space x S^^ under an appropriate 5*^ action. As it is shown in |Q and [|13 



the space x S^^ is HKT and one can check that the S'^-actions considered in|rp, 
Section 6.3] are HKT-isometries. Now according to the theorem of section 2.2 we 
have: 

Theorem 6 Any small deformation of the invariant hypercomplex structure on SU (3) 
admits a HKT structure. 

In the rest of this section, we will construct new HKT-metrics through a reduction 
process. We begin with a well-known metric, namely the Taub-NUT metric. 
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5.1 Taub-NUT metric 

We use the notation of ||^. Let = EI x EI with quaternionic coordinates [q, w). We 
identify points {t, x, y, z) G with a quaternion q E H: q = t + ix + jy + kz. The 
(quaternion) conjugate is q = t — ix — jy — kz. The flat metric on M is 

'^'^flat ~ d^qdq + dwdw. (40) 
Using left multiphcation of the unit quaternions i,j and k, we find the hypercomplex 
structure /, J and K such that 

Idt = dx, Idx = —dt, Idy = dz, Idz = —dy, 
Jdt = dy, Jdx = —dz, Jdy = —dt, Jdz = dx, 
Kdt = dz, Kdx = dy, Kdy = —dx, Kdz = —dt. (41) 

With respect to these complex structures, the Kahler form of the flat metric dqdq are 

= dt A dx + dy A dz, uj = dt A dy + dz A dx, ujk = dt A dz + dx A dy. (42) 

Let G be M, t G M with the action {q,w) {qe'^,w + Xt), for A in M. This is a 
group of hyper-Kahler isometrics. It generates a moment map: 

= ]^qiq+^{w -w) (43) 

We write r = qiq, r = |r| and w = y + y so r and y are in R'^. Moreover, 

z/ = ir + Ay. (44) 

Define ip hj q = pe*'^/^ where p is a pure quaternion. Now using the coordinates 
r, y, y), we write the flat metric on M as 

1 1 

where curlu; = grad(i). In these coordinates the G-action is 

iij,y)^{ij + 2t,y + \t), (46) 

which leaves t = ijj — 2y/X invariant. On z/^^(0), one has y = —^r. The induced 
metric in the coordinates {r,T,y) on z^~^(0) is 

^4at = i^^^"^' + r{dT + jdy + u;- dvf) + dy^ + -^dr''. (47) 

The quotient space z/^^(0)/G is obtained by an orthogonal projection along the 
Killing vector field d/dy. It turns out that the quotient metric is the Taub-Nut 
metric: ^ 

d^T^ = \{^- + Y^d^" + \{^- + Y^ {dr + u-dvf. (48) 
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5.2 A HKT- version of Taub-NUT metric 



Given the preparation of the last section, we are now ready to consider HKT-reduction. 
Let hhe a, function of r. We consider the metric on ]H[\{0} x H given by 

hivi hiv] 

dsi — — —dqdq + dwdw — dqdq + dwdw. (49) 

qq r 

As ^^dqdq is a HKT-metric on H[\{0} and product of HKT metrics is again a HKT 
metric, ds^ is a HKT metric. Since the hypercomplex structure does not change, the 
group G remains hypercomplex. It is again a group of isometrics. Therefore, we again 
use the moment maps v generated by the action G with respect to the hyper-Kahler 
metric ds^^^. On i^^^(O) the induced metric with respect to ds\ is 

^(-dr2 + r{dT +ldy + u;- drf) + dy^ + -^dr^ (50) 

= i + ^) + + ^) + Q{dT + uj-dr) + ^{dT + uj- dvf. 

Here we used a(z)l3 — a®l3-\-l3®a. a Q a — 2a ® a. 

As hyper-Kahler reduction is also obtained by orthogonal projection, the horizon- 
tal distribution lA is defined by ker^^. Therefore, the reduced metric is obtained by 
taking the restriction of ds^ on i^~^(0) modulo 6 or /j, where 



,2 , 1 (dr + uj -dr) 

^ = ^^^^flat' ^ = ^^+2A a + M ■ ^^^^ 



In other words, if g is the quotient metric, then there is a 1-form a and function a on 
such that 

ds\ — afj, 1^ fj, + {a <^ fj, + fj, <^ a) + g. (52) 
It follows that Ld_ds^ — aii + a. In our example, 

dy 

h if, ( h \ (1 1 ^ 



a=l + -, a = -\h-\\ + -]^\^-^-] \{dT + ^-dY). (53) 
Therefore the quotient metric is 



17 



In particular, the quotient metric is conformally equivalent to the Taub-NUT metric, 
a hyper-Kahler metric. 

Amongst the class of weak HKT metrics that have been constructed above, there 
is a strong HKT metric which is complete. This is 

ds^ = (- + ^)ds^TN ■ (56) 
r 

For this metric, the function h is 

Mr) = l + ^^ + l(l-l)r^ (57) 

This metric is strong HKT because the conformal factor is a harmonic function with 
respect to the Taub-NUT hyper-Kahler metric. The asymptotic behavior of the metric 
is as follows: As r —>■ oo, the metric (^) approaches the standard metric on x R^. 
As r — > 0, the metric (^) approaches 

ds^ ~ -{r{dT + u ■ drf + -dr"^) . 

Changing back to the quaternionic coordinates g, we find that the above metric can 
be rewritten as ^ 

ds^ = —dqdq = du^ + ds^{S^) 
qq 

with r = qq and u = log(|g|). So it is the standard metric on R x S^. In physics lan- 
guage, the metric (|56|) interpolates between the ten-dimensional Kaluza-Klein vacuum 
and the near horizon geometry of the NS5-brane. 

5.3 A HKT- Version of Lee- Weinberg- Yi Metric 

We are interested in examples beyond four- real dimension. As noted in 0, a high 
dimension analog of the Taub-NUT metric is the Lee- Weinberg- Yi (LWY) metric. 
We construct a family HKT-version of this metric. Moreover, these metrics are not 
conformal to the LWY- metric. 
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We first review the construction of LWY-metric very briefiy to fix notations. We 
take M = H™- x M."^ with coordinates {qa,Wa), a = l,...,m. Let A = (A^) be 
a real non-degenerate m x m-matrix. Let V = {v^) be the inverse matrix. For 
G = M™- = (ti, . . . , tm), define an action by 

E ^ah. (58) 
b 

With respect to the fiat metric ds"^^^ = J2a dqadq^ + J2a dwadwa and the hypercom- 
plex structure defined as in (|4l|) , the group G is a group hyper- holomorphic isometries. 
The moment map 

V = {vi,...,Vrn) ■■ M (^^^ (59) 

is given by 

T^a = -qaiqa + i^^>^iiwb-Wb). (60) 

b 

Define = g^ig^, = Ir^l = qaMa, Ya = \{wa - Wa). It follows that Wa = ya + Ya- 
Now Va and are in and the moment map is 

l^a=\ra + Y.\'ayb. (61) 
b 

Define ipa by qa = PaG^^"^'^ where pa is a pure quaternion. Now using the coordinates 
{ipa,T'a,ya,'ya), oue may construct explicitly a hyper-Kahler metric on the quotient 
space in the way the Taub-NUT metric is constructed. This is the LWY-metric. 

For reference in subsequent computation, we note that in these coordinates the 
G-action is {ipa, Va) — > (V'a + 2ta, Va + J2b Ki'^b)- It leaves the functions 

Ta = iJa-2j2vayb (62) 

b 

invariant. On the level set z/~^(0), = — 2 X];, -^aYb- Equivalently, = — | Xlfe^aJ^fe- 
Next, consider a new metric on Ai: 

ds^ = E fa{qaqa)dqadqa + E dWadWa = ^ fa{ra)dqadq^ + E dWadWa- (63) 

a a a a 

This is a HKT-metric. The group G is again a group of hyper-holomorphic isometries. 
We may use the G-moment map u again to construct a quotient metric g with respect 
to ds"^. 
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The restriction of the metric ds^ on v ^(0) with respect to the coordinates (r^, Tq, 

is 

E ih^^ + E <dy, + + Aaf + dyl + ^(^ v^drA 

a V " b b / 

= i E ( ^ + E ) ®dr^ + Y^ U + E(/»^»^«<) ) dyt> ® dy^ 

b,c \ a / b,c \ a ) 

^\ E fa^avldyt, (dT„ + A) + \Y1 /»^«(^^« + ^«)'- (64) 

a,b a 

To find the quotient metric g, it suffices to find functions Fa;, and 1-forms such 
that 

a (g) QJa + ® 6a) + ^. (65) 

a,b a 

Now the problem is that the Kilhng vector fields generated by G on the zero 
level set in general are not mutually orthogonal. 

Prom now on, we limit our discussion to the case when = ^a^a- Equivalently, 
A is a diagonal matrix whose non-zero entry is Xa- Its inverse is a diagonal matrix 
whose non-zero entry is Vn — t-. In this case, 

Oc ■= i_a_ds^ = (1 + rcvl)dyc + -rcvddTc + A^) = (1 + i^)dyc + ^r^idr^ + A^) (66) 

where Ac := uj{ra) ■ dva- Since the vector fields are mutually orthogonal with 
respect to ds^, 

L^ds'' = (1 + TcVl) (V FcaOa + a^). (67) 

a 

The restriction of the metric ds'^ on i^~^(0) with respect to the coordinates (r^, Ta, ya) 



IS 



E {-tf'a + ^-^i2vadya + dr^ + + dyl + |dr^) 

= Ed^-^"'^" + ^')^^' + (^ + f^''ya)dyl + haTaVadya © (c^T^ + A,) 



^4 

a 

+ |/ara(c?ra + A„)2). 
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Therefore, 

i_d_ds^ = (1 + faraVa)dya + ^VafaTaidTa + Aa) 
dya Z 

_ (1 + far.vll^^ ^ 1 ( , _ 1 + far vl ^^^^ ^ 



It implies that the matrix (Fab) is a diagonal matrix and 

F. = F^=^-}^^, <^. = ^^^.U.-mr. + A.). (68) 
Then the quotient metric is n 

g = ds' - ^ (FA (8) + © «„) 

a 

^ I fa. , ...2] j„2 



4 v. ■ <) 

V 4 4(1 + r^vlY 2(1 + r^vlY) ^ 

When fa — i for all a, we obtain a simple version of LWY-metric: 

LwY = i E ((^) + (Hr^) " (-^^ + ^.)^) ■ m 

This is simple because this metric is a product metric. 

In general, so long as not all the Aa = ^ are equal, the quotient metric ^ is a 
HKT-metric. However, it is no longer conformal to the LWY-metric. 



Acknowledgments 

GP is supported by a University Research Fellowship from the Royal Society. GG 
is supported by the university of California at Riverside. This work is partially sup- 
ported by SPG grant PPA/G/S/1998/00613 and by the European contract HPRN- 
CT-2000-00101. 



21 



References 

A. Besse. Einstein Manifolds, Springer- Verlag, New York 1987. 

P. Deligne, P. Griffiths, J. Morgan & D. Sullivan. Real homotopy theory of Kdhler 
manifolds, Inventiones Matli.29 (1975) 245-274. 

P. Gauduchon. Hermitian connections and Dirac operators, Bollettino U.M.I. , 
IIB (1997) 257-288. 

G. Gibbons & P. Rychenkova & R. Goto. HyperKdhler quotient construction of 
BPS monopole moduli spaces, Commun. Math. Phys. 186 (1997) 581-599. 

P.S. Howe & G. Papadopoulos. Twistor Spaces for HKT manifolds, Phys. Lett. 
B379 (1996) 80-86; |hep-th/9602108| . 



G.W. Gibbons, G. Papadopoulos & K.S. Stelle. HKT and OKT Geometries 



on SoUton Black Hole ModuU Spaces, Nucl. Phys. B508 (1997) 623-658; [hep^ 
th/9706207|. 



G. Gibbons & P. Rychenkova & R. Goto. HyperKdhler quotient construction of 
BPS monopole moduli spaces, Commun. Math. Phys. 186 (1997) 581-599. 

G. Grantcharov & Y. S. Poon. Geometry of hyperKdhler connections with torsion, 
Commun. Math. Phys. 213 (2000) 19-37. 

V. Guillemin & S. Sternberg. Symplectic Techniques in Physics, Cambridge Uni- 
versity Press, Cambridge 1990. 

N.J. Hitchin, A. Karlhede, U. Lindstrom, M. Rocek. Hyper-Kdhler metrics and 
super symmetry, Commun. Math. Phys. 108 (1987) 535-589. 

D. Joyce. The hypercomplex quotient and quaternionic quotient. Math. Ann. 290 
(1991) 323-340. 

P. Kobak & A. Swann. Hyper Kdhler potentials via finite- dimensional quotients, 
preprint; |math.DG/0001027i 

A. Opfermann & G. Papadopoulos. Homogeneous HKT and QKT manifolds, 
preprint; |math-ph / 9807026| . 

CM. Hull, G. Papadopoulos & B. Spence. Gauge Symmetries for (p,q) Super- 
symmetric Sigma Models, Nucl. Phys. B363 (1991) 593-621. 



22 



[15] M.F. Atiyah & R. Bott. The Moment Map and Equivariant Cohomology, Topol- 
ogy 23 (1984) 1-28. 

[16] CM. Hull, B. Spence. The Gauged Non-Linear Sigma Model with Wess-Zumino 
Term, Phys. Lett. B232 (1989) 204. 

[17] I. Jack, D.R. Jones, M. Mohammedi & H. Osborne. Gauging the General Non- 
Linear Sigma Model with a Wess-Zumino Term, Nucl. Phys. B332 (1990) 359- 
379. 

[18] J. M. Figueroa-O'Farrill & S. Stanciu. Equivariant Gohomology and Gauged 
Bosonic Sigma Models, [hep-th/ 9407149| . 

[19] H. Pedersen & Y. S. Poon. Inhomogeneous hypercomplex structures on homoge- 
neous manifolds, J. reine angew. Math. 516 (1999), 159-181. 



23 



